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The new “optimization”

Machine learning is replacing classical 
optimization in many domains:

● Pattern recognition (images)
● Finance
● Physics and Chemistry

Fundamental questions about neural networks remain unanswered…

I will focus on two “fundamental” questions.

[via google trends]
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Question #1: Can we learn an optimal solution?

● More mathematically… Is there some limit in which we 
gradient descent based algorithms converge to a 
representation that minimizes the loss function.

● Key assumptions
– Not data limited (e.g., try to approximate a given function)

– Train as long as necessary (we’re interested in the asymptotics)
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Question #2: Is an optimal solution unique?

● Empirical observation: Reinitialize neural net parameters 
randomly, retrain with identical samples, training converges 
to same loss / training error, but the parameters are 
different.
– Is the optimal representation unique at the level of the 

parameters?

– If not, is there any explanation for why? 
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 Problems assumed to be intractable a decade ago are 
now routine. Are image / speech recognition 
inherently low dimensional?

 Alternatively, can neural networks accurately 
represent truly high-dimensional data?

 Consider representing a known function traditional 
methods (e.g., finite elements) cannot be scaled to 
high-dimensional problems. Grid sizes quickly become 
intractable.

 Nonlinear functions, like neural networks, avoid this 
issue, but must be optimized. 

MNIST digits

Are image recognition problems special?
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No: Neural networks are expressive

● Universal approximation theorems (Cybenko, Barron)
– Any sufficiently smooth function can be represented arbitrarily well by a 

very wide single layer neural network!

– Proof: Abstract functional analysis: neural networks are “dense” in the 
space of square integrable functions.

– These theorems do not answer Q1 or Q2:
● How should we get to the optimal parameters?
● Do typical algorithms (gradient descent, SGD) converge?
● How bad is the error when the number of neurons is finite?
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A simple test case (with a lot of “complexity”)
Spherical 3-spin model
Cf. Ben Arous, others
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Training a neural network

Single layer “sigmoid” neural net 1) Initialize “network” 

2) Compute “loss” by sampling a training set

3) Iterate until “convergence” with stochastic 
gradient descent

Mean squared loss function Stochastic gradient descent
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Stochastic gradient descent, step-by-step

1. Get set of labeled data (e.g., images with 
their classification) or “training set”. 
Initialize network with random parameters.

2. Randomly sample a “batch” of data, a 
small number of points.

3. Compute the gradient of the objective 
function on this batch of points (the 
estimate is noisy, but unbiased).

4. Iterate this batch optimization procedure 
for many steps, passing over the data 
multiple times, until convergence. Compute gradients

Compute
discrepancy

or “loss”
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Formalizing the optimization procedure

Write the representation as
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Formalizing the optimization procedure

The loss function is

Which we can expand as

Using                                     , we define,
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This a complicated system...

… with complicated interactions

Luckily, systems of this type have 
been studied extensively in 
mathematical physics
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Interpretation as an interacting particle system

The loss function is

Which we can expand as

Using                                     , we define,

Energy function

charges particles

Interaction potential Single body potential
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We can extend to both 
Langevin dynamics, 

stochastic gradient descent

The neural net representation

Evolves according to gradient descent on a complex landscape,

Nonequilibrium dynamics of optimization
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Work with the particle density:

So that the representation satisfies

Hydrodynamic approach: parameter density

To study the training dynamics we can 
study the time evolution of the density
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A partial differential equation for the density

We know the time derivatives of Y and C

To compute      we just use the chain rule, and we get a PDE
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A partial differential equation for the density

We know the time derivatives of Y and C

To compute      we just use the chain rule, and we get a PDE
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In the limit

Which can be written, 

The mean-field limit (i.e., O(1) term)

now with smooth initial conditions
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● Fixed points of this equation, written as above, can occur if the density singular

● Not all fixed points are energy minimizers

● Continuous dynamics in the charges changes this story 

Asymptotic convexity       Asymptotic convergence
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Evolution equation for the representation is inherited from evolution of density,

See also: Mei, Montanari, Pham and Sirignano, Spiliopolous 

Theorem (Law of Large Numbers) for convergence
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Evolution equation for the representation is inherited from evolution of density,

See also: Mei, Montanari, Pham and Sirignano, Spiliopolous 

Theorem (Law of Large Numbers) for convergence
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Initial scaling from CLT Asymptotic scaling after optimization

Theorem: the error term is at order 1/n
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Solution: Stochastic samples of the potential / interaction term:

Leading to an SDE,

Where the quadratic variation of the noise is

Typically, we don’t know F or K
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Same first order term as gradient descent

Guarantee of convergence 

Recover the error scaling

Dean’s equation for stochastic gradient descent
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Experiments illuminate the role of charges
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Confirming the 1/n error scaling
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● Neural networks are a potentially powerful tool for computational 
physics and applied mathematics. They can massively reduce the cost of 
representing functions in high dimensional spaces.

● By interpreting the parameters as interacting particles, we can 
demonstrate the asymptotic convexity of the loss landscape, in the 
process showing that stochastic gradient descent converges to an energy 
minimizer, with an appropriate quench.

● The error and its scaling can be identified up to a constant, which 
shows that errors can be controlled precisely in the limit.

● Applications to free energy methods, quantum variational energy 
calculations, and PDEs are only beginning to be explored.

Conclusions
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Charges flip the sign of the potential F

We can always lower the 
energy by increasing the 
support of the density, the 
charges are a crucial piece 
of this consideration.

Avoiding the non-minimizing fixed points

c-axis
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So that we want to solve,

With a charge weighted density,

We rewrite the representation as

We can now view the kernel as an operator on functions

(Euler-Lagrange Eqn for the loss) 

Continuous formulation (taking n large)
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Beyond abstract guarantees?

Universal Approximation Theorems (Barron, Cybenko, Park, others)
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